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Abstract 

Let R be an n-Iwanaga- Gorenstein ring. For < r < n, we construct a new abelian model 
structure on ii — Mod, called the Gorenstein r-projective model structure, where the class of 
cofibrant objects is given by the Gorenstein r-projective modules (i.e. modules whose Goren- 
stein projective dimension is at most r). Similarly, we construct an abelian model structure 
where the class of fibrant objects is the class of Gorenstein r-injective modules. We call this 
structure the Gorenstein r-injective model structure. Later, we construct the Gorenstein r-flat 
model structure, where the Gorenstein r-fiat modules form the class of cofibrant objects. These 
structures have their analogous in the category of chain complexes. In [8] , the authors estab- 
lish a bijective correspondence between dg-projective (resp. dg-injective and dg-flat) complexes 
over R and Gorenstein projective (resp. injective and flat) J?[3;]/(a;^)-modules. We generalize 
this correspondence for any Gorenstein homological dimension r. 



1 Introduction 



We study model structures on the categories i?— Mod and Ch(_R— Mod), where i? is a Gorenstein 
ring. In [10], M. Hovey constructs an abelian model structure on _R— Mod where the class cofibrant 
objects is given by the class of Gorenstein projective modules, the category i?— Mod is the class of 
fibrant objects, and the trivial objects are the left _R-modules of finite projective dimension. Dually, 
there is a model structure on _R— Mod with the same trivial objects, where _R— Mod is the class 
of cofibrant objects, and the fibrant objects are given by the Gorenstein injective modules. Later 
in [8], M. Hovey and J. Gillespie construct another abelian model structure on i?— Mod where the 
class of cofibrant objects is given by the class of Gorenstein fiat modules. We generalize Hovey 
and Gillespie's arguments to find analogous model structures on Ch(i?— Mod). For the Gorenstein 
flat case, we use the notion of bar-cotorsion pairs, i.e. cotorsion pairs for which the orthogonality 
relation is given by the bar-extension functor Ext(— , — ). 

Later, we construct three new abelian model structures on i?— Mod and Ch(i?— Mod), called the 
Gorenstein r-projective, Gorenstein r-injective and Gorenstein r-flat model structures. In the flrst 
(resp. the third) structure, the class of cofibrant objects is formed by the objects with Gorenstein 
projective (resp. Gorenstein fiat) dimension at most r. In the second structure, the class of fibrant 
objects is given by the class of objects with Gorenstein injective dimension at most r. In order to 
construct these structures, we use a result known by some authors as the Hovey's Criteion, which 
allows us to get abelian model structures from compatible and complete cotorsion pairs. In this 
sense, we prove the completeness of the cotorsion pair cogenerated by the class of Gorenstein r- 
projective modules, and do the same with the cotorsion pair cogenerated by the class of Gorenstein 
r-flat modules. Dually, the cotorsion pair generated by the class of Gorenstein r-injective modules 
is also complete. This structures have their analoguos in the category of chain complexes. 



For any ring i?, there exists an invertible functor from Ch(i?— Mod) to the category of graded 
i?[x]/(a;^)-modules. We study some properties of this functor. In [5], the authors prove that this 
functor gives rise to a bijective correspondence between the dg-projective complexes over R and 
the Gorenstein projective R[x]/ (x^)-modules. The same also occurs between dg-injective complexes 
over R and Gorenstein injective i?[a;]/(a;^)-modules, and between dg-flat complexes over R and 
Gorenstein flat i?[2:]/(a;^)-modules. In the end of this paper, we prove that this correspondence holds 
for any Gorenstein homological dimension. For instance, dg-r-projective complexes corresponds 
bijectively to Gorenstein r-projectives i?[x]/(x^)-modules. 



2 Preliminaries 



In this section we recall some elementary notions and results. We shall be mainly working with 
modules and chain complexes. We shall denote by i?— Mod (resp. Mod— i?) the category of left 
(resp. right) i?-modules, where R is an associative ring with identity. For the category of chain 
complexes over i?— Mod (resp. over Mod— i?) we shall use the notation Ch(i?— Mod) (resp. 
Ch(Mod— i?)). Given a chain complex X = {Xm,d^)m<£Z, we shall denote the cycle modules by 
Z„iX ~ Ker(i9;^), and the boundary modules by B,nX = lm{d^j^i) . Recall that a chain complex 
is called exact if Z^X = B^X for every m E "E. 



Definition 2.1. Let C, T) and £ he abelian categories and T : C x T) — > £ he an additive functor 
contravariant in the first variahle and covariant in the second. If J- is a class of ohjects of C, we 
shall say that a complex 

> Di — > Do — > D° — > — ^ ■ • • 

in T> is T{J^, — )-exact if for every F Cz J- the complex 

> T{F, Di) T{F, Do) T{F, 2?") ^ T{F, D^) ^ ■ ■ ■ 

is an exact sequence in £. If J- is a class of ohjects in T>, we shall say that a complex 

^ Ci ^ Co ^ C° — ^ ^ • • • 

in C is T(— , J^)-exact if for each F (z J- the complex 

> T{C\F) T{C\ F) T{Co, F) T{Ci,F) ■ ■ ■ 

is an exact sequence in £. 

Definition 2.2. Let F he a class of objects of C. By a left J^-resolution of an object M of C, we 
shall mean a IIom(J-'. —)-exact complex 

> Fi — >Fq — > M — ^ 

(not necessarily exact) with each Fi E F. A right J-"- resolution of an object M of C is a 
Hom(— , J^)- exact complex 

— > M — > F° — > F^ — > ■■■ 
(not necessarily exact) with each F^ G F. 
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Remark 2.1. We shall work with exact left (Gorenstein) projective, exact left (Gorenstein) flat, 
and exact right (Gorenstein) infective resolutions. 

Definition 2.3. Let C he an abelian category and T a class of objects in C. Consider an object X 
in C for which there exists a left -resolution, say 

^ F„ A ^ yFi^Fo^X^O. (1) 

We shall say that Im(/j) is the i-th J^-syzygy of X in (1). Let iV'j:{X) denote the class of all 
i-th J^-syzygies occurring in all left T -resolutions of X. We shall use the notation f2*(X) for the 
class of all projective syzygies of X. Dually, given a right -resolution of X, say 

— — > > F"-^ i!V — (2), 

we shall say that Ker(/') is the i-th. J^-cosyzygy of X in (2), and U,~p{X) shall denote the class 
of all i-th T-cosyzygies occurring in all right T -resolutions of X. We shall use the notation Q.~^{X) 
for the class of all injective cosyzygies of X. 

Proposition 2.1. Let X and Y be two objects in a abelian category C with enough projective and 
injective objects. Then for every A e fl^{X) and B G 

Extc(A,y) ^ Extj;+^(X,F) ^ Extc(X,B). 

Proposition 2.2. Let X e Ch(i?-Mod) (or X G Ch(Mod-i?) j be a chain complex. 

(1) IfYG n'{X) then G ^\X^), for every m&Z. 

(2) IfY e n-^{X) then Y^ G 9.-\Xm), for every meZ. 

Proof. We only prove (1), the proof of (2) is dual. Let Y G f2'(X) and let 

^ pn f ^ pn—1 y _ _ , y pi i ^ pO ^ y Q 

be a projective resolution of X such that Y = Im(/'). Then we have the following long exact 
sequence in i?— Mod: 

Since each P" is a projective chain complex, we have a short exact sequence 

Z,n{Pn -^P'^^ Zm-l{P'') 0, 

where Z„,_i(_P") and Z„,(_P"). Since projective modules are closed under extensions, we have that 
P^ is projective. So (*) is a projective resolution of Xm and hence Y^ = Im(/^) G iV-{Xm)- □ 

Given two chain complexes X G Ch(Mod— i?) and Y G Ch(i?— Mod). The tensor product 
complex X (g) y is the chain complex (of groups) given by {X ® F)„ = 0fc£z X^ ®r Yn-k, where 
the boundary maps {X ® Y)n — > [X ® F)„_i are defined by 

dn'^^{x ®y)= d^{x) ®y+ (-l)'^'^; d^{y). 
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This construction defines a functor —(8)—, from which one constructs the derived functors Tori(— , — ). 
The bar tensor product of X and Y is the chain complex of groups given by = 

{X <S> Y)n/Bn{X (g) Y), for every n G Z, whose boundary maps {XWY)n — > are given 

by _ 

d^'^^{¥Wy) = d^ix)(g>y. 

Now let X and Y be two chain complexes in Ch(i?— Mod). The complex Horn' {X,Y) is defined 
by Horn {X,Y)n = Hfeez Hom/j(Xfe, y„+fc), for every n S Z. Then an clement / e Hom(X, F)„ is 
a set of maps f = {fk '■ Xk — > Xk+n)kez- The boundary maps Hom'(X, y)„ — > Hom'(X, y)„_i 
are defined by 

for every / = {fk)kei ^ Honi'(X, y)„. From Hom'(X, y) we construct the bar Horn functor 
by setting the complex Hom(X, F) as Hom(X, F)„ = Z„(Hom'(X, F)), for every n S Z. Let 
/ = {fk)kGZ G Hom(X, Y)n. Note that for n = we have o f^. = o5^, i.e. / is a chain map 
and Hom(X, Y)q = Hom(X, Y). For n = 1, o fk + fk-i ° 9^ : i-e- / is a chain homotopy from 
to 0. The set of homomorphisms / = {,fk)kex is known as a map of degree n. The boundary 
maps of the complex Hom(X, Y) arc given by 



We shall denote the derived functors obtained from Hom(— , — ) and (g) by Ext (— , — ) and Torj(— , — ), 
respectively. 

Definition 2.4. Given a chain complex X and an integer fc G Z, the kth suspension of X is the 

com,plex Ti^{X) given by (S'^(X))„ — Xn-k and dn — (^l)'^(?,^_fe- ^ class of complexes C is 
said to be closed under suspensions ifT,''{C) € C, for every complex C gC. 

Proposition 2.3. For every pair of complexes X,Y S Ch(ii— Mod) and for every i > 0, Ext {X, Y) 

is a chain complex of the form 

*-Ext'(X,E'=+i(y)) — )-Ext'(X,E'=(y)) — )-Ext'(X,I]*^-i(y)) — . 



Proof. First, we show the case i = 0, i.e. that Hom(X, Y) is the complex 

^Hom(X,S'=+i(F)) — ^Hom(X,E'=(y)) ^ Hom(X, ^^-^(y)) ■ ■ ■ . 

Every / = {fk)kei e ^„iHom'(X, y) satisfies the equality o = (-l)'"/fc_i o . On the 

other hand, g £ Hom(X, S~'"(y)) makes the following diaram commute for every k €Z: 

dk 

Xk > Xk-i 

9k i l9k-i 



Then Zmiiom'{X,Y) = Hom(X, S~™(y)) for every m e Z. Moreover, the differential map Sm : 
Hom(X,S-"(y)) — > Hom(X,S-'"+i(y)) is given by S{g) = {d^^^. o gk)kei.- Hence the result 
follows for i = 0. 
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Now consider the following short exact sequence 

— > K — > P — > X — >0, 
where P is a projective chain complex. We have a commutative diagram: 



i 



i 



i 



i 



Hom(P,I]-"-i(y)) 

i 

Hom(P,I]-'"(y)) - 



Hom(X,E-™-i(r)) 
i 

— > Hom(X,I]-"(y)) - 

i i 

Hom(X,S-™+i(y)) Hom(P,S-"+i(y)) }lom{K,T,-'"'+^{Y)) ^ Ext^(X, 

J, J, .j, J, 



Hom(X,E-'"-i(^)) 
i 

Hom(ii',I]-™(y)) - 
i 



Ext\x,i]-"-i(r)) 
i 

^ Ext^(x,s-'"(r)) - 
i 



Also, there is an exact sequence 

— > Hom(X, Y) — > HotI(P, Y) — > ilo^{K, Y) — > Fxt^ {X, Y) 



0. 



It follows Ext (X, Y) is the complex given by the right column of the previous diagram. The rest 
follows by induction. 

□ 

Proposition 2.4. [51 Proposition 4.2.1] Given three chain complexes X, Y and Z , we have the 
following isomorphisms of complexes: 



(1) Hom(X®y,Z) = Hom(X,Hom(r,Z)). 

(2) If R is commutative, then Xi^Y = Y(S)X. 

(3) X®{Y®Z) = {X®Y)®Z. 

Definition 2.5. Given a left R-module M, the Pontryagin or character module of M is the 

right R-module = Hom/i'(M, Q/Z). Given a chain complex 

X = > X„,+ i Xra H Xra-l ■ ■ ■ £ Ch(P-Mod), 

the Pontryagin or character complex of X is the complex X^ e Ch(Mod— P) given by 

> Homz(X_„_i,Q/Z) ^ Homz(X_„,Q/Z) Homz(X_„+i, Q/Z) ^ • • • , 

where d^^ (-l)"-iHomz(9^„„ Q/Z). 

Proposition 2.5. X+ = Ihmz;(X, D"(Q/Z), where D°{Q/Z) is the complex 
whose differential map Q/Z — > Q/Z is the identity. 
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Proof. Recall that Hom(X, £)°(Q/Z))„ = Z„Hom'(X, £)°(Q/Z)), i.e. the kernel of the differential 
6m : Honi'(X,£)0(Q/Z))„ — ^ Hom'(X, £)0(Q/Z)). Moreover, 

Hom'(X,I?0(Q/Z))„ = [] Homz(Xfc,i30(Q/Z)fc+„) = Homz(X_„_i,Q/Z) x Homz(X_„,Q/Z), 
feez 

Hom'(X,DO(Q/Z))„_i = JJ Homz(Xfe, £>0(Q/Z)fc+^_i) = Homz(X_„,Q/Z) x Homz(X_„+i,Q/Z). 

feez 

Every / = {fk)kez € Hom(X, £>0(q/z))^ has the form /=(••• , 0, 0, • • • )• Now 

suppose 5„i(/) = 0. Then we have 5^^^^^ ° /fe — (— l)"*/fe-i o = for every e Z. In 
particular: 

(1) For k = -m:0 = d^"^"^'^^ o /_„ - o and so = o 

(2) For = -m + 1: = df^"^^^^ o - (-l)™/.™ o a^^^^ = /_„ o a^^+i- 

We have the following commutative diagram: 



f—m—1 



> ^ Q/Z > Q/Z > 



Define a map (pm ■ Hom(X, D°(Q/Z))„ — > {X+)m = Homz(X_„_i, Q/Z) by setting (pm{f) = 
(— l)"*/-™-! for every m € Z. It is clear that ipm is an isomorphism. We show that (fi = {ipm)mei, 
is a chain map, i.e. that the following diagram commutes for every m e Z: 



gHom.{X,D°( 

B^{X,D°{Q/Z))m— ^Ifo5I(X,D0(Q/Z))„_i 



m— 1 



{X+)m 7 > {X + )m-l 

QX+ 



Let / = {fk)k& G Hom(X,DO(Q/Z))„. We have: 

° ^m{f) = d^\{-irf.m-i) = {-ir-' ■ (-l)'"Homz(a5„, Q/Z)(/_„_i) 
= (-1)™-! • oafj = 

□ 

Proposition 2.6. Let X and Y he two chain complexes. For every i > 0, we have the following 
isomorphisms of complexes: 

(1) E^t'(x,r+) ^Tb?i(x,y)+_ 

(2) If R is commutative, then Tov i{X,Y) ^ Tov i{X,Y). 
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Proof. We only proof (1), part (2) follows similarly. The case « = 1 is stated in O Lemma 5.4.2]. 
We use induction on z > 0. Suppose i = 1. Consider a short exact sequence 

— > K — > P — > X — >0, 



where P is a projective complex. Apply the functors —®Y and Honi(— , Y~^), we get the long exact 
sequences 

> Tm-i{X, Y) — > K®Y — > P®Y — > X®Y — > 0, 

— > iLm(x,y+) — ^HW(p,y+) — >"Ro^{K,Y+) — >E^\x,r+) — > ■■■ . 

Then apply Hom(— , I?'^(Q/Z)) to the first sequence, since _D°(Q/Z) is an injective chain complex, 
we get the long exact sequence 

— > Hcm(X®r, ^"(Q/Z)) — > HOTl(P®y, ^"(Q/Z)) — > Ihm(X®y, P'"(Q/Z)) — > 
— ^ HoS(Tb?i(X,y),L>°(Q/Z)) — ^ ••■ 

— > {X®Y)+ — > {P®Y)+ — > {KWY)+ — > Tmi{X, Y)+ — ^ • • • 
Using the first isomorphism of Proposition l2.4[ we get a commutative diagram 



> {X®Y)+ > {P®Y)+ > {K®Y)+ > Tori(X,r)+ 

1- 1- 



> Hom(X, Y+) > Hom(P, Y+) > Hom(if, Y+) > Ext (X, Y+) > ■ ■ ■ 

By the Five Lemma, Tori(X, y)+ — > Ext^(X, y+) is an isomorphism. Now suppose Torj_i(X,y)" 

i— 1 

Ext {X^Y^) for i > 1. We have the following commutative diagram 

• •• — .Tb?,_i(p,y)+ — >T^v,^i{K,Y)+ — — >^,(p,y)+ — 

1- 



>E^ ^{P,Y+) >Ext' ^{K,Y+) >Ext'(X,r+) ^Ext'(P,y+) >■■■ 

Since P is projective and fiat, we have Torj(P, F)+ — and Ext"'(P, y+) = 0, for every j > 1. 
Then it follows that Tori{X, Y)+ — > Exr(X, Y+) is an isomorphism. □ 



3 Cotorsion and bar-cotorsion pairs 



In this section we shall study some properties of cotorsion pairs. Roughly speaking, a cotorsion 
pair in an abelian category is formed by two classes of objects which are orthogonal to each other 
with respect to the extension functor. 
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Definition 3.1. Let C and V he two classes in an abelian category A. We shall say that C and T) 
form a cotorsion pair (C,2?) if: 

(1) C = ^V = {C e Oh{A) : Ext]j(C, D) = 0, for every D e V} , and 

(2) P = C-L = {D e Ob(^) ; Ext]^(C, D) = 0, for every C e C}. 

We shall work with cotorsion pairs in i?— Mod and Ch(i?— Mod). In the particular case of 
Ch(i?— Mod), we may also consider the bar-extension functor Ext. Some interesting result arise 
when we replace Ext by Ext in the definition of cotorsion pair. 

Definition 3.2. Now let C and T) he two classes of chain complexes, we shall say that C and V 
form a bar-cotorsion pair (C,2?) if: 

(1) C = ^V = {C e Ch(i?-Mod) ; ISrt^C, D) = 0, for every D eV}, and 

(2) V^C^ ^ [D Ch(i?-Mod) .• E^\c, D) = 0, for every C £ C}. 

Lemma 3.1. [2] Let X and Y be two chain complexes. Then there is an isomorphism of groups 
Ext'(S-'=(X),F) ^ Ext^(X,S'=(y)), for every i > 1. 



Lemma 3.2. Let {C,!)) he a har-cotorsion pair. Then C is closed under suspensions if, and only 
if, T> is. The same result holds if {C,T>) is a cotorsion pair. 

Proof. Suppose (C,2?) is a bar-cotorsion pair and that C is closed under suspensions. Let D £ V 
and m G Z. Let C € C. Note that the complexes 

^Exti(C,S'^+\S"' (£»))) ^ Exti(C,S'=(S™ (£»))) E^t\C,^''-\^"'{D))) ■ ■ ■ and 

^Ext\E-™(C), 2*^+1(1))) -^Ext\^-"'{C),Y.''{D)) ^ Exti(S-"(C), ^''-^(L')) — ^ • • • 

are isomorphic. Then E^\c, E™(£))) ^ E^t^(E-'"(C), D) = for every C e C, since D e V a.nd 
C is closed under suspensions. Hence the result follows. The converse can be proven similarly. 

□ 

Theorem 3.1. Let C and T> be two classes in Ch(i?— Mod) such that C is closed under suspensions. 
Then {C,T>) is a har-cotorsion pair if and only if {C,T>) is a cotorsion pair. 

Proof. Suppose (C, V) is a bar-cotorsion pair. First, we show C = ^T>. Let C G C and D eT). Then 

Wi{C,D) = 0. By Remark [231 we have Ext^(C,i:') = and so C £ ^V. Now if C G ^V, we 
haveExt^(C,i:') = for every D ^ D. Since T) is closed under suspensions by Lemma l3.2| we have 

E'=(D) e V for every fc G Z. Then Ext^(C, E*^(D)) = for every fc G Z. It follows E^\c,D) = 
for every £> G 2? and so C G = C. 

Now we show V = C-^. Let D e V and C G C. Then &rt\c, D) = and hence Ext^C, D) = 0. 
We have D £C^. Now let D G C-^. Then Ext^C, D) ^ for every C G C. Since C is closed under 
suspensions, we have Ext^(i;-'=(C), Z?) = for every fc G Z. Then Ext^(C, E'^X^)) = for every 
yfc G Z, by Lemma EH It follows E^^C, D) = and so D eC^ = V. 

The converse can be proven in a similar way. 

□ 
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Definition 3.3. Let (C,2?) be a cotorsion pair in _R— Mod (or in Ch(i?— Mod) 

(1) {CjT)) is cogenerated by a set 5 C C ifV = . 

(2) {CyT)) is complete if for every module (or complex) X there are short exact sequences 

— > D — >C — > X — ^0 and — > X — > D' — > C — >0 
where C,C' eC and D, D' G V. 

Remark 3.1. Every cotorsion pair in i?— Mod (or in Ch(i?— Mod)j cogenerated by a set is com- 
plete. This result is known as the Eklof and Trlifaj Theorem (see JSj/). 

Definition 3.4. A bar-cotorsion pair (C,2?) in Ch(i?— Mod) is bar-cogenerated by a set S C C 
ifV^S~. 

Theorem 3.2. Let C and T> be two classes in Ch(i?— Mod), and let S ^ C be a set closed under 
suspensions. If (C,2?) is a cotorsion pair cogenerated by 5, then (C,2?) is a bar-cotorsion pair 
bar-cogenerated by S. The converse is also true. 

Proof. Suppose (C,2?) is cogenerated by S. Then T> = 5^, which is closed under suspensions by 
Lemma 13.21 (since S is closed under suspensions) . By the same lemma, C is also closed under 
suspensions, and hence by Theorem 13.11 we have (C,V) is a bar-cotorsio pair. It is only left to 
show that V ^ S^. Let D €V. Then Ext^(S',i:>) = for every S e S. Since S is closed under 
suspensions, we have I]~'^(S') £ S for every fc e Z and every S € S. Then Ext^(S', E'^(Z?)) = 
Ext\j:-''{S),D) = 0, for every fc G Z and every S £ S. It follows E^^{S,D) = for every 
S e S, i.e. D e S^. Now suppose D e S^. Then E^^{S,D) = for every S e S. It follows 
Ext^(S', L>) = for every S e S and so D e = V. 

The proof of the converse follows similarly. 

□ 

Definition 3.5. Let M be a left R-module. We shall say that a family {Ma)a<\ of submodules of 
M, indexed by some ordinal X, is a continuous chain of M if: 

(1) Afo = andM = Ua<A^"- 

(2) Ma ^ Ma' whenever a < a'. 

(3) Mp ~ [Ja<p ^'^a every limit ordinal /3 < A. 

Continuous chains of complexes are defined in the same way. 

Definition 3.6. Let {Ma)a<x be a continuous chain of M and S be a set of left R-modules. Then 
{Ma)a<\ is said to be an 5-filtration of M if Ma+i/Ma is isomorphic to an element in S for 
every a + 1 < A. Filtrations of complexes are defined in the same way. 

Lemma 3.3 (Eklof Lemma). 

(1) Let X be a chain complex in Ch(i?— Mod) (or a left R-module in i?— Modj and {Sa)a<\ be 
a continuous chain of subcomplexes (resp. submodules) of X. If'Ejxt}{Sa+i/ Sa^Y) — for 
every a + 1 < A, then Ext"'^(X, Y) = 0. In other words, {Sa)a<\ is a -^Y -filtration. 

(2) Let X be a chain complex in Ch(i?— Mod) and {Sa)a<\ be a continuous chain of subcomplexes 
ofX. If^\Sa+i/Sa,Y) = for every a + l < X, thenE^\x,Y) = 0. 
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Proof. Part (1) is proven in [71 Lemma 3.1.2] for the category ii— Mod. The same argument apphes 
toCh(i?-Mod). To prove (2), notice that &rt\S'„+i/5„,y) = imphes Ext^(S'„+i/S'a, E'^(y)) = 
0, for every ft e Z. By Part (1), Ext^X, a''{Y j) = for every fc 6 Z, and so EE\x, Y) = 0. 

□ 

Proposition 3.1. 

(1) Let (C,2?) be a cotorsion pair in i?— Mod or in Ch(i?— Mod) , and S C C be a set. If every 
X IE C has an S -filtration, then (C, V) is cogenerated by S. 

(2) Let {CjT)) be a bar-cotorsion pair in Ch(i?— Mod), and 5 C C be a set. If every X E C has 
an S-filtration, then {C,V) is bar- cogenerated by S. 

Proof. The proof of (1) appears in [12l Proposition 3.2], and uses Part (1) of the Eklof Lemma. 
Part (2) is analogous. □ 



4 Gorenstein projective and Gorenstein injective model struc- 
tures 

Definition 4.1. Given a class of left (or right) R-modules T , we shall say that a module M is a 
left n-7^-module if there is an exact sequence 

— ^ F" — > — > — > F^ — > M — > 0, 

where F^ £ F for every < i < n. If n is the smallest integer for which such a sequence exists, 
then we say that M has left J^-dimension equal to n. If such an integer n does not exist, we 
shall say that M has infinite left F-dimension. Dually, one defines right n-J^-modules and right 
J^-dimension. This definition is also valid for chain complexes. 

Example 4.1. Let Vq, Iq and Fq denote the classes of projective, injective and flat modules, 
respectively. The left V^-dimension (or F^-dimension) of a module coincides with its projective 
dimension (resp. flat dimension). Similarly, the right Iq- dimension of a module coincides with its 
injective dimension. 

Let Pn, 1-n and Fn denote the class of n-projective, n- injective and n-flat modules, respectively. 
We get an interesting coincidence when we work over a Gorenstein ring. Namely, if R is an n- 
Iwanaga-Gorenstein ring, then Vn = %i = J'n- 

Definition 4.2. A ring R (not necessarily commutative) is called an Iwanaga- Gorenstein ring 

if the following conditions are satisfied: 

(1) R is both left and right Noetherian. 

(2) R has finite injective dimension as either a left or right R-module. 

It is known that if R is an Iwanaga-Gorenstein ring, then the injective dimensions of R as either 
a left or right i?-module coincide. So if R is an Iwanaga-Gorenstein ring with injective dimension 
equal to n, we shall say that R is an ri-Iwanaga-Gorenstein ring. 
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Theorem 4.1. [H Theorem 9.1.10] Suppose R is an n-Iwanaga-Gorenstein ring and M is a left 
(or right) R-module. Then 

id(M) < oo pd(A/) < oo fd(A/) < oo id(A/) < n pd(M) < n k\{M) < n. 

Definition 4.3. Let V be a class of objects in an ahelian category C with enough projective and 
injective objects. Consider a short exact sequence 

(*) : — > D' — > D — > D" — > 0. 

We shall say that: 

(1) V is closed under extensions if for every short exact sequence (*), D',D" S "D =^ D G D. 

(2) T> is closed under taking cokernels of monomorphisms if for every short exact sequence 
(*), D',D eV =^ D" e V. 

(3) T) is closed under taking kernels of epimorphisms if for every short exact sequence (*), 
D,D" =^ D' eV. 

(4) T) is closed under retracts if for every sequence D ^ D' D with D' eV such that 
g o f = idc , then D £ V. 

(5) T) is resolving if it contains the class of projective objects and satisfies (1) and (3). 

(6) T) is coresolving if it contains the class of injective objects and satisfies (1) and (2). 

(7) V is thick if it satisfies (1), (2), (3) and (4). 

Example 4.2. 

(1) The class of projective objects in an abelian category is resolving. Dually, the class of injective 
objects is coresolving. 

(2) The class of flat modules is resolving. 

(3) The class £ of exact complexes is thick. 

(4) Let W denote the class of all left R-modules with finite projective dimension, where R is an 
n-Lwanaga-Gorenstein ring. By the previous theorem, W is thick. 

We shall see that the previous theorem also holds in the category of chain complexes Ch(i?— Mod). 

Definition 4.4. [6, Definition 3.3] Let A be a class of left (resp. right) R-modules. A chain com- 
plex X € Ch(i?— Mod) (resp. X £ Ch(Mod— i?) j is said to be an ^-complex if X is exact and 
ZmiX) S A for every m G Z. The class of A- complexes is denoted by A. 

Proposition 4.1. [13l Proposition 4.4] 

(1) Vn is the class of n-projective complexes. 

(2) Tn is the class of n- flat complexes. 

(3) Tn is the class of n- injective complexes. 

The following corollary follows from the previous proposition and Theorem 14. II 

Corollary 4.1. Suppose R is an n-Iwanaga-Gorenstein ring and X £ Ch(_R— Mod) (or X £ 
Ch(Mod-i?);. Then 

id(X) < oo pd(X) < oo id{X) < oo <^ id{X) < n pd(X) < n fd(X) < n. 



11 



The goal if this section is to generahze the constructions of the Gorenstein projective and Gorenstein 
injective model structures on i?— Mod to the category of chain complexes. We need to recall the 
definition of an abelian model structure, and how to obtain such a structure from two cotorsion pairs 
satisfying certain conditions. Recall that a model category is a bicomplete category C equipped 
with three classes of morphisms called cofibrations, fibrations, and weak equivalence, satisfying 
certain conditions. We leave the details of the definition to the reader (see jll], for example). 

Let ^ be a bicomplete abelian category with enough projective and injective objects, equipped 
with a model structure. An object X e Ob(^) is cofibrant if — > X is a cofibration; fibrant if 
X — > is a fibration; and trivial or acyclic if — > X is a weak equivalence. 

Definition 4.5. A model category A is said to be abelian if: 

(1) f is a (trivial) cofibration if, and only if, f is a monomorphism with (trivial) cofibrant coker- 
nel. 

(2) f is a (trivial) fibration if, and only if, f is an epimorphism with (trivial) fibrant kernel. 

Definition 4.6. Given two cotorsion pairs {C,J-') and (C',J-) in an abelian category, we shall say 
that they are compatible if there exists a class of objects W such that C = CClW and T' — J^fl W. 

Theorem 4.2 (Hovey's criterion). Let (C,J-'nW) and (Cfl W,J^) be two compatible cotorsion 
pairs in a bicomplete abelian category A with enough projective and injective objects, where the 
class W is thick. Then there exists a unique abelian model structure on A such that C is the class 
of cofibrant objects, J- is the class of fibrant objects, and W is the class of trivial objects. 

The above theorem establish the connection existing between the theory of cotorsion pairs and the 
model categories. This theorem has a converse, but for the purpose of this paper, we are only 
interested in the given implication. 

Now we recall the definition of Gorenstein projective and Gorenstein injective modules. Later, we 
shall define the Gorenstein flat modules. 



Definition 4.7. A left R-module M is called Gorenstein projective if there exists a Honiij;(— , Vq)- 
exact sequence 

> — > P° — > Po — > Pi — > ■■■ 

of projective modules such that M — Ker(Po — ^ ^'i)- We denote by QV the class of all Gorenstein 
projective modules. 

Definition 4.8. A left R-module M is called Gorenstein injective if there exists a Homfl(Xo; — )- 
exact sequence 

./i^/o^/o^/i^--- 

of injective modules such that M — Ker(/o — > Ii). We denote by QT the class of all Gorenstein 
injective modules. 

Theorem 4.3 (Hovey). [101 Theorem 8.3] Suppose R is an n-Iwanaga-Gorenstein ring. Let 
T denote the set of all n-syzygies in ^^(Rjl), where L runs over the left ideals of R. Then T 
cogenerates a cotorsion pair {GP,yV). 

M. Hovey also proved that W is the left half of a cotorsion pair cogenerated by a set, specifically: 
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Theorem 4.4 (Hovey). |10', Theorem 8.4] Let R is an n-Iwanaga-Gorenstein ring. Let S denote 
the set of all modules S £ 17* (J), where i > and J runs over the set of indecomposable injective 
modules. Then S cogenerates a cotorsion pair {W,QT). 

Proposition 4.2. |10[ Corollary 8.5] Suppose R is an n-Iwanaga-Gorenstein ring, then QVnW — 
To and QlnW = 1^. 

By the Hovey's Criterion and the previous results, it follows that there exist the following abelian 
model structures on _R— Mod, provided R is an n-Iwanaga-Gorenstein ring: 

• The Gorenstein projective model structure: The cofibrant objects are the Gorenstein 
projective modules, the whole category i?— Mod is the class of fibrant objects, and the trivial 
objects are given by the class of modules with finite projective dimension. 

• The Gorenstein injective model structure: Every module is cofibrant, the fibrant objects 
are the Gorenstein injective modules, and the trivial objects are given by the class of modules 
with finite injective dimension. 

Now we construct the analogous of these model structures in the category of chain complexes. 

Definition 4.9. A chain complex X is Gorenstein projective if there exists a Hom(— , ■Po)-ea;act 
sequence 

> — > P^ — > Po — > Pi — > ■■■ 

of projective complexes such that X ~ Ker(Po — ^ ^i)- We shall denote by QV the class of Goren- 
stein projective complexes. 

Definition 4.10. A chain complex X is Gorenstein injective if there exists a Hom(Io7 ~)-exact 
sequence 

>/i^/"^/o^/i^--- 

of injective complexes such that X — Ker(/o — > Ii ) . We shall denote by QX the class of Gorenstein 
injective complexes. 

Note that W — Vn — In — ^n- In 5 , it is proven that [QV, W) is a complete cotorsion pair. This 
proof is direct in the sense that for every complex X it is constructed an exact sequence 

— >W — >P — > X — ^0 

where P is a Gorenstein projective complex and W G W. Here we reprove this result, by general- 
izing Hovey's proof of Theorem 14.31 

Theorem 4.5. Let R be an n-Iwanaga-Gorenstein ring. The cotorsion pair {QV, W) is cogenerated 
by the set X = {X e : m e Z and I is a left ideal of R} U {S''^(S'"(i?)) ; k e Z}. 

Proof We have to show that W = X^. Let e VV and let X ^X. If X e ir{S'^{R/l)) for some 
m G Z and some left ideal I C_ R^ we have 

Ext^X, W) ^ Ext"+i(5"(i?//), W) ^ Exi'}+\R/I, Z^iW)) by ^ Lemma 3.1] 
^ Ext]^(M, Zrn{W)) = for some M e n"{R/I). 
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Now ax ^ J:''{S"{R)) for some fc e Z, we have 

Ext\X, W) = Exti(I]'=(S'°(i?)), W^) = since W is exact (see [2]). 

Hence, W £ X^. Now suppose W £ X^. Then Ext\E'=(5°(i?)), VF) = for every fc G Z, and so 
W is exact. On the other hand, Ext^(X, W) = for every m G Z, every X X and every left ideal 
ICR implies that Ext]j(Af, Z„(W^)) = for every M € and hence Z^{W) g W. We 

have proven that W is an exact complex with Zm{W) G W, for every m £ Z, i.e. G W. □ 



The pair (Po, Ch(/?— Mod)) is also cogenerated by a set. Moreover, it is easy to see that Vq = 
GVnW. So {GVjW) and {Vq, Ch(i?— Mod)) are two compatible complete cotorsion pairs. By the 
Hovey's Criterion, there exists a unique abelian model structure on Ch(_R— Mod) where GV is the 
class of cofibrant objects, Ch(_R— Mod) is the class of fibrant objects, and W is the class of trivial 
objects. We call this structure the Gorenstein projective model structure on Ch(i?— Mod). 

Definition 4.11. A injective chain complex X e Ch(i?— Mod) is said to be indecomposable if 

X = A and B ~ 0, or X ^ B and A — 0, whenever A and B are injective suhcomplexes of X such 
that X ^ A®B. 

Proposition 4.3. Let R he a left Noetherian ring. Every injective complex I S Ch(i?— Mod) is 

the direct sum of indecomposable injective complexes. 

Proof. Let / G Ch(i?— Mod) be an injective chain complex. Then / is exact and Zm{I) is an 
injective i?-module, for every m G Z. Then we have the following short exact sequence in i?— Mod: 

— > Zm+iil) — > Im+1 — > Z„i{I) — > 0, for every m G Z. 

Since Zm+i{I) is an injective i?-module, this sequence splits and so Im+i ^ Zm{I) © Z„l+i{I)- It 
follows that / = 0„g^ D'"+^(Zm(/)). For every m G Z, Zm{I) — 0^ sA "^OmJ where Jq,^ is an 
indecomposable injective module, since Zm{I) is injective and R is left Noetherian. Hence, we have 
i?-+i(Z„(/)) ^ e„^eA„ D^'^^HJaJ, and so 

where each D™'^^{Ja^_^) is an indecomposable injective complex. 

□ 

Remark 4.1. A complex J is an indecomposable injective complex if and only if J is the disk 
complex of an indecomposable injective module. For if J is an indecomposable injective complex 
then write J = -D™^^(Z„j(J)), note that each D"^^^{Zm{J)) is an injective complex, so it 

follows D™'''^^{Z„io{J)) = J for some mo G Z, and D™^^ Z„i{J) — for every m ^ tuq. Then J 
is a complex 

>0 — >I ^ I — >0 — >■■■ 

where the two I 's are in the wlq + l-th and niQ-th place. It is only left to show that I is and indecom- 
posable injective module. Suppose I = A (B B , where A and B are injective submodules of I. Then 
J = D"'o+'^{A) ® D""'+i(B). Since D"">+'^{A) and I?'"«+i(B) are injective complexes and J is 
indecomposable, we get D"">+'^{A) = J and D"">+i(^B) = 0, or D"^«+^{B) = J and D"'«+^{A) = 0. 
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Then A = I and B = 0, or A = and B = I . Hence, I is an indecomposable injective module. 
Now let D™'^^{I) be a disk complex, where I is an indecomposable injective module. It is clear that 
£)m+i^j-j zs an injective complex. Suppose D™'^^{I) = X (BY , where X and Y are injective com- 
plexes. Then I = A„i © B„i, I = Am+i © Bm+i, and Ak,Bk = for every fc ^ m, m + 1. It follows 
Am — Am+1, B„i = -Bm+1 o,nd that Am and B„i are injective modules. Since I is indecomposable, 
we get A„i = I and Bm ~ 0, or Am ~ and Bm = I- Hence A = and B = 0, or A = 

and B = £>'"+!(/). 

Proposition 4.4. Let Q = {G G r2*(J) ; i G Z>o and J is an indecomposable injective complex}. 
Then Y e if, and only if, Ext^VF^, y) = for every W eW. 

Proof. Let Y G Q-^. It suffices to show that Ext'^^(/, F) = for every i > and every injective 
complex /. By the previous proposition and remark, we can write / = ®„i£z ^™^^('^™)' where 
Jm is an indecomposable injective module for every m G Z. We have: 

Ext^+i(/,r) = Ext^+i ( 0i?™+i(j„),r j 

- n Ext^+i(Z?"+i(J,„),r) 

^ Yl Ext^(X",y), where G J,„)), by Proposition[2j 

mez 

= 0, since Ext^(G, Y) ^ for every G G 0. 

Now suppose Ext^(Ty,y) = for every G W and let X e G. Then X G n'{J), for some 
indecomposable injective complex J and some i > 0. Then we have 

Ext^(X, Y) = Ext*+^(J, Y) = 0, since J is an injective complex and Y G W^. 

□ 

We conclude that (W, QI) is a cotorsion pair cogenerated by G- On then other hand, the cotorsion 
pair (Ch(_R— Mod), Iq) is complete, and Iq = GT H W. So these two pairs are compatible, and 
by the Hovey's Criterion we get a unique abelian model structure on Ch(i?— Mod) such that 
Ch(i?— Mod) is the class of cofibrant objects, GI is the class of fibrant objects, and W is the 
class of trivial objects. We call this structure the Gorenstein injective model structure on 
Ch(i?-Mod). 

The following result is proven in [5]. We give a simpler proof. 

Proposition 4.5. A complex X is Gorenstein projective if and only if Xm is a Gorenstein projective 
module, for every m G Z. Dually, a complex Y is Gorenstein injective if and only if Ym is a 
Gorenstein injective module, for every m G Z. 

Proof. We only prove the Gorensteinjjrojective case. Let X be a Gorenstein projective complex 
and let W eW. Then D'"+i(W) G W, for every m G Z. We have 

= Ext\X, D"'+\W)) = Ext\Xm,W). 
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Hence Xm G """W, i.e. Xm is a Gorenstein projective module. Now let X be a chain complex such 
that Xm is a Gorenstein projective module. In order to show that X is Gorenstein projective, it 
suffices to show that Ext*^^ {X, P) = 0, for every projective complex P and every j > 0. So let P be 
a projective chain complex and write P = 0„j£z where each Zm{P) is a projective 

module. Note that in this case, P ^ Ilmez -O^+H^mlP))- We have 



Ext'+\X,P) = Ext^+i Ix, Y[ D"'+\Z,n{P))] 



- [] Ext''+i(X,i?"+i(Z,„(P))) = n Exfi (^,i?™+i(Z„,(P))) where S G n\X), 

^ II Ext]iiSm,Zra{P)) - [] Ext^fl ' (^m , (^)) siuCC Sm £ ^^'(^™), 

= 0, since is a Gorenstein projective module and Zm{P) is projective. 
Hence, X is a Gorenstein projective complex. □ 

5 Gorenstein homological dimensions and model structures 

Since [QV, W) is a complete cotorsion pair, for every M £ P— Mod there exists an epimorphism 
Co — > M where Cq is a Gorenstein projective module. This allows us to construct an exact 
sequence 

>Ci — >Co — > M — > 0, 

where Ck is a Gorenstein projective module, for every fc > 0. We shall say that this sequence 
is a left Gorenstein projective resolution of M . So it makes sense to consider left r-QV- 
modules, where r is a nonnegative integer. To simplify, we shall say that M is Gorenstein 
r-projective if it is a left r-^P-module. Let GVr denote the class of Gorenstein r-projective 
modules. We shall denote by Gpd(Af) the (left) Gorenstein projective dimension of M . Note that 
g-p^ = {M G P-Mod : Gpd(A/) < r] and that C/Pq = QV. For the rest of the section assume 
that P is an n-Iwanag a- Gorenstein ring. 

Proposition 5.1. P', Proposition 11.5.7] The following are equivalent: 

(1) M is Gorenstein r-projective. 

(2) Ext'^(M, W)=Q for all i > r and for allW eW. 

(3) Ext^+^(M, W^) = for all W €W. 

(4) Every rth Gorenstein projective syzygy of M is Gorenstein projective. 

(5) Every rth projective syzygy of M is Gorenstein projective. 

Corollary 5.1. 

(1) Gpd(A/) < n. 

(2) For every <r <n, GVr n W = Pr- 

Proof Let W eP. Then id(W^) < n and so Ext^+^(M, H^) — 0. By the previous proposition, we 
have M e gVn. 
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The inclusion Vr C QVr n W is clear. Now let M e gV,- n W. Then every G G ^V{M) is in gV. 
Since W is thick, we also have G G W. Then G &gv r\W ^Vq. It follows M eVr- 

□ 

Proposition 5.2. Lei (Ma ; A £ A) be a family of left R-modules. Then: 

(1) Gpd (0AgA^A) = sup{Gpd(MA) .-AeA} /5, Proposition 2.19]. 

(2) Gid (riAGA^A) = sup{Gid(MA) ; A e A}. 

(3) Gfd (©^g^M„) = sup{Gfd(AfA) •• A e A}. 

Proo/. 

(1) The proof of (1) we give here is different to the one appearing in [5]. Let r\ — Gpd (A/a)- Note 
that < ta < n. Then Extjj(MA, -)|w ee for every i > rx- Let r = sup(Gpd(MA) : A e A) 
and i > r. We have 

Extk (0 UgaA/a, -) Iw - n Extfl(AfA, -)\w = 0. 

AeA 

It follows Gpd (0AeA -^^a) < r. For the other inequality, we shall prove that Gpd(AfA) < 
Gpd (0AeA-^A) for every A G A. Let M = 0^^^ A/a- Assume Gpd(Af) = m < oo. Since 
each A^A is a direct summand of M, write M — M\ © G. For every W G W, we have 

Ext^+^AfA, W) X Ext™+i(G, VF) ^ Ext^+^Af, H/) = 0. 

Then Ext^+\A//A, VF) = for every W eW, i.e. A/a G ^7^™ for every A G A. Hence 

sup{Gpd(AfA) : A G A} < m = Gpd j Mx j . 

\AeA / 

(2) Similar to (1). 

(3) The equality follows by the following property: 

Torf I 0A„,0i?J -00Torf(A<„i?^). 

\ a p J a p 

□ 



It is known that {VrjV^) is a complete cotorsion pair. By the corollary above, we can write 
{Vr,V^) = {gVrfVA^, V^). It suffices to show gV^ = WnV^ in order to prove that {gVr, [gVr]^) 
and {Vr: {Pr)^) are compatible. First, we show that gVr cogenerates a cotorsion pair. Later we 
shall see that the completeness of {gPr, (gPr)'^) implies the last equality. 

Proposition 5.3. {gPr, (gVr)^) is a cotorsion pair for every 1 < r < n. 

Proof It suffices to show that -^{{gPr)^) Q gVr- Let M G -^{{gPr)-^)- Consider a left partial 
projective resolution of Af, say 

>G > Pr-l — > > Pi — >Po — > M — ^ 0. 
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By Proposition 15.11 it sufBces to show that G is a Gorenstein projective module. Suppose r = 1 
and let £ W. We have the exact sequence 

> Ext)j(Fo, W) — > Extjj (G, W) — > Ext|,(A/, W) — > ■■■ , 

where Ext^(Po,W^) = since Pq is projective. On the other hand, Ext^(M, W) = Ext^(M, L), 
where L e n~^{W). We show L e (G'Pi)'^. Let K G QVi and consider the short exact sequence 

— >W — >I — > L — >0 

where / is injective. Then we have an exact sequence 

> Ext}j(i\:, /) — > Ext]j(ii', L) — > Extj^{K, W) — ^ • • • 

where Ext^(/-i:,/) = since / is injective, and Ext|.(X, W) = since K £ GVi and W G W. 
Then Ext^(X,i) = for every K e QVi, i.e. L e {GVi)^. It follows Ext^(M,W^) = 0. Hence 
Ext^(G, W)^0 for every W eW, i.e. G £ GV. 

Suppose the result is true for every 1 < j < r — 1. We have an exact sequence 

— >G — > Pr-i — > >Pi — > L — > 0, 

where L e ^1^{M), and a short exact sequence 

— > L — >Po — >M — ^ 0. 

Let K e {GVr-i)^- We have Ext^(L,iv:) ^ Ext^(M,X') where K' € n-'^{K). Let N € GVv 
Then TV' e GVr-i, for every N' € n^{N). We have 

Ext]f {N,K') ^ Ext]j{N',K) = 0. 

So K' e {GVr)^. It follows ExtJj(L,i^) = Ey±\{M,K') = 0, for every K £ {GVr-i)^. Hence 

L e ^[[GVr-l)^) = GVr-l. It follows M £ GV r ■ 

□ 

Theorem 5.1. {GVr, {GPr}'^) is a cotorsion pair cogenerated by a set, and so it is complete. 

Proof. Consider the cogenerating set Tof {GV, W). On the other hand, it is known that {Vr, i'Pr)^) 
is cogenerated by the set V^'^ :— {M £ Vr ■ Card(M) < k}, where k > Card(i?) is a fixed infinite 
cardinal number. Set Gr ■= T Li V^'^. We prove [GVr)^ = {Gr)'^- Since Gr Q GVr, we have 
{GVr)^ C (Gr)^. Now let N £ {Gr)^, and consider M £ GVr- Since {GV,yV) is a complete 
cotorsion pair, there exists a short exact sequence 

— >M — >W — >G — yO 

where W £ W and G £ GV. Then W £ GVr C]W = Vr- We apply the contravariant functor 
Ext(— , A^) and obtain a long exact sequence 

> Ey±\,{W, N) — > Ext)j(M, N) — > Ext^(G, N) — > - ■■ . 

Note that Ext^(G,iV) = 0, since TV £ [Gr)^ £T^ = W and {GV ,W) is hereditary. On the other 
hand, N £ {V^")^ = {Vr)-^ and W £ Vr, so Ext)j(W,iV) = 0. Hence Ext^(M,iV) = for every 
M £ GVr, i.e. N £ {GVr)^. □ 
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Corollary 5.2. {gVr)^ ^ W n {Vr) 



Proof. The argument we give in this proof is similar to [H Proof of Theorem 3.12]. Since QV Q QVr 
and Vr C gVr, we get {GVr)^ C gv^ = W and {gVr)^ C (P^)-L, and so {gVr)^ C W n {Vr)^. 
Let N e Wn (Pr.)"""- Since (SPr, [g'Pr)^) is complete by the previous theorem, there exists a short 
exact sequence 

— > N — > K — >C — >{) 

where K e {gVr)^ and C e ^P^-- Since W is thick and N,K (^W, we have C S W. Then 
C € 0^ = 7^^ and hence Ext^(C, N) = 0. It follows K = N ®C. Since is closed 

under direct summands and K e {gVr)^, we get N G □ 

From the above results, there exists a unique abelian model strucutre on i?— Mod where gVr is 
the class of cofibrant objects, {Vr)^ is the class of fibrant objects, and W is the class of trivial 
objects. We call this structure the Corenstein r-projective model structure on i?— Mod. 

Dually, the notion of Gorcnstein injective dimension gives rise to a similar model structure. As we 
noted for the class gV^ it makes sense to consider right r-^I-modules. We shall say that a module 
M is Gorenstein r-injective if it is a right r-C/X-module. We shall denote the class of Gorenstein 
r-injective modules by gir- Let Gid(M) denote the (right) Gorenstein injective dimension of M. 
We have gi,. = {M e i?-Mod : Gid(M) < r} and gio = gi. 

Proposition 5.4. [H Proposition 11.2.5] The following are equivalent: 

(1) N is Gorenstein r-injective. 

(2) Ext'(iy, TV) = for alli>r and for allW gV. 

(3) Ext'^+^(Ty, TV) = for all W eV. 

(4) Every rth Gorenstein injective cosyzygy of N is Gorenstein injective. 

(5) Every rth injective cosyzygy of N is Gorenstein injective. 

Proposition 5.5. 

(1) girHW^Ir. 

(2) {-^{gXj.)ig^r) "is a cotorsion pair. 

Theorem 5.2. {-^{gXr),gTr) is o, cotorsion pair cogenerated by a set. 

Proof. Recall that {W,g2) is cogenerated by the set S of all S G ri*(J) where i > and J runs 
over the set of all indecomposable injective modules. Consider the set S{r) of all S G fl^{J) where 
i > r and J as above. We shall see that {-^{gir),gir) is cogenerated by S{r). First, we check 
S{r) C -^(gir). Let S e 5(r) and consider iV e gir. Then S G ^'(J), for some z > r and 
some indecomposable injective module J. We have Ext^(S', A^) = Ext^^(J, A^) — 0, since J G W, 
TV G gir and i + l>r + l. 

Now we prove gir = {S{r))-^. It suffices to show (5(r))^ C gir. Let A^ G {S{r))-^. Consider a 
partial right injective resolution 

— > N — >Io — > h — > > Ir-i — >G — yO. 

We prove that G is Gorenstein injective. Consider 5* G 5, i.e. S G fl^{J) for some indecomposable 
injective module J and z > 0. Consider the short exact sequence 
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where N' G ^{^)- We have a long exact sequence 

> Ext^(5, Ir-i) — > Ext]j(S', G) — > Ext^(5, A^') — > • • • . 

On the one hand, Ext^(S', Ir-i) = since Ir-i is injective. On the other hand, 

Ext%{S,N') ^ Ext^+^(S',7V) ^ Ext^(5',7V), where S' e ^'^(5). 

Since S G 0'(J), we have 5' e f2''(f2'(J)) = 0'-+'(J) with r + i > r, and so 5' e 5(r). Hence 
Ext^(S',iV') = Ext}j(S",iV) = 0. It follows Ext^(5,G) = for every S G S, i.e. G is Gorenstein 
injective. Therefore, (iS(r))^ C ^I^. 

□ 

Corollary 5.3. -^{Qlr) = -^(X^) n W. 

From the results above, we conclude that there is a unique abelian model structure on i?— Mod 
where """(Xr) is the class of cofibrant objetcs, Qlr is the class of fibrant objects, and W is the class of 
trivial objects. We call this structure the Gorenstein r-injective model structure on i?— Mod. 

Now we generalize the Gorenstein r-projective and the Gorenstein r-injective models to the cate- 
gory of chain complexes Ch(i?— Mod). Gorenstein r-projcctivc (rcsp. r-injcctivc) complexes are 
defined in the same way as the Gorenstein r-projective (resp. r-injective) modules. Same for 
Gorenstein homological dimensions in Ch(ii— Mod). We shall denote by QVr and QXr the classes 
of Gorenstein r-projective and Gorenstein r-injective complexes, respectively. 

Proposition 5.6. Let X be a chain complex. Then: 

(1) X is Gorenstein r-projective iff X^ is a Gorenstein r-projective module for every m e Z. 

(2) X is Gorenstein r-injective iff X^ is a Gorenstein r-injective module for every m G Z. 

Proof. We only proof (1), Part (2) follows similarly. Let X be a Gorenstein r-projective chain 
complex. Then there exists an exact sequence in Ch(i?— Mod) 

— yP'' — > P'^-^ — > >P'^ — S-P° — >X — 

such that P' is a Gorenstein projective complex for every < i < r. For each m G Z, we have an 
exact sequence in P— Mod 

n L V , , pi , pO , Y , rv 

Since each P* is a Gorenstein projective complex, we have that P^ is a Gorenstein projective 
module. So the previous exact sequence turns out to be a right Gorenstein projective resolution 
of Xm of length r, i.e. Xm G GVr- Now suppose that X^ is a Gorenstein r-projective module for 
every m G Z. Consider a partial left projective resolution 

— > C — > P'-^ — > > P^ — > P° — >X — ^ 0. 

It suffices to show that C" is a Gorenstein projective chain complex. For each m G Z, we have a 
exact sequence 

n v r^r , pr-1 , , pi , pO , y i. fl 
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Note that each is a projective module. Since Xm G GPr, we have G il^{Xm) ^ Hence 
is a Gorenstein projective complex. □ 

As we did in the category i?— Mod, we can prove that {QV r t {GV r)^) and (^(^Xr),^Ir) are 
complete cotorsion pairs. Moreover, we can see that {GVr, {GPr)^) and {Vr, {'Pr)'^) are compatible. 
So there exists a unique abelian model structure on Ch(i?— Mod) such that GVr is the class of 
cofibrant objects, (Vr)^ is the class of fibrant objects, and W is the class of trivial objects. Similarly, 
there is a unique abelian model structure on Ch(i?— Mod) such that ^(2r) is the class of cofibrant 
objects, G^r is the class of fibrant objects, and W is the class of trivial objects. We call these 
structures the Gorenstein r-projective model structure and the Gorenstein r-injective 
model structure on Ch(i? Mod), respectively. 



6 The Gorenstein flat dimension 



In addition to the notions of Gorenstein projective and Gorenstein injective modules, there is also 
the notion of Gorenstein flat modules. In [8j, the authors construct an abelian model structure on 
i?— Mod where the cofibrant objects are the Gorenstein flat modules, the flbrant objects are the 
cotorsion modules, and W is the class of trivial objects. This structure is known as the Goren- 
stein flat model structure. We generalize the construction of this structure to the category of 
complexes, using the notion of bar-cotorsion pairs. Later on we study the concept of Gorenstein 
flat dimension and construct related model structures on both i?— Mod and Ch(i?— Mod). 

Definition 6.1. A left R-module M 6 i?— Mod is said to he Gorenstein flat if there exists an 
(Iq ®ii —)-exact sequence 

> Fi — > Fo — > F" — > F^ — > ■■■ 

of flat modules such that M — Ker(F° — !► F^). 

Theorem 6.1. [4j Theorem 10.3.8] Let R be an n-Iwanaga-Gorenstein ring. Then the following 
conditions are equivalent: 

(1) M is a Gorenstein flat left R-module. 

(2) Tor^(/,M) — for all i > 1 and all injective right R-modules /. 

(3) Torf (/,Af) = for all 1 < i < n and all injective right R-modules /. 

(4) is a Gorenstein injective right R-module. 

(5) Torf (W^,M) = for all right R-modules W eW. 

(6) Torf (W^,M) = for all i > 1 and all right R-modules W eW. 

Let GJ' be the class of Gorenstein flat left i?-modules. We shall call GC ~ G^^ the class of 
Gorenstein cotorsion modules. In 8], the authors mention (without a proof) that {GJ^,GC) is 
a complete cotorsion pair. We shall prove this fact in this section. First, recall the following theorem. 

Theorem 6.2. [U Theorem 3.2.1] Let R and S be rings, M a left R-module, N an {S, R)-bimodule. 
If L is an injective left S -module, then for all i>Q: 

Ext'^(M, Homs(W, /)) = Homs(Torf (iV, Af), /) 
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Proposition 6.1. {QJ-^QC) is a cotorsion pair. 

Proof. It is only left to show that ^QC C QJ^. Let M € ^QC. By Theorem 16.11 we only need to 
show that Torf (14^, Af) = for every right i?-niodule W eW. So let W E W. By the previous 
theorem, we have 

Torf (ly, M)+ = Homz(Torf (ly, M), Z) = Ext)j(M, Homz(iy, Q/Z)) = Ext^(M, (*). 

Now we show that is Gorenstein cotorsion. Let F be a Gorenstein flat left i?-module. Then 
we have Ext]^(F, W+) ^ Torf (M^, F)+ = 0. It follows W+ G GC and hence Ext;^(M, W+) = 0. By 
the equality (*), we get Torf (H/, M) = for every W eW. □ 

Now we shall prove that {GJ', GC) is cogenerated by a set. 

Definition 6.2. A submodule N of a left R-module M is said to be W-pure if for every right 
R-module W S W, the sequence 

Q^W®rN^W®rM^W®r M/N — ^ 

is exact. The short exact sequence 

— > N — > M — > M/N — > 

is called a W-pure exact sequence. 

Proposition 6.2. Let S be a W-pure submodule of a Gorenstein flat left R-module F. Then S 
and F/S are also Gorenstein flat. 

Proof. Consider the short exact sequence — > S — > F — > F/S — > 0. Then, given a right 
i?-module W G W, we have the long exact sequence 

> Torf (W, F/S) — >W(g!RS — >W(giRF — >W(giR F/S — > 0. 

Since S* is a W-pure submodule of F, we have that the map W (Sir S — > W (E)r F is injective 
for every W G W. So Tot^{W,F/S) = for every W e W. Hence F/S is a Gorenstein flat 
module. Now let W GW. We have Torf = and Torf = 0. On the other hand, 

ToT^{W,F/S) = ToT^{K,F/S) where K G n'^{W). Consider a short exact sequence in Mod-i? 

— >K — > P — >W — >0, 

where P, G W (P is projective) . Since W is thick, we have K eW, and so Torf (i^,F/5) = 0. 
Then we have Tor^(W^, = 0. Since the sequence 

> ToT^iW, F/S) Torf (VK, S) Torf (M^, P) — > • • • 

is exact, we finally obtain Torf (W^, S*) = for every G W. 

□ 

Definition 6.3. A left R-module A is said to be W-pure injective if for every W-pure exact 
sequence 

— > N — > M — > M/N — > 0, 
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the sequence 

— > Honifl.(M/A^, A) — > Honifl.(M, A) — > Honi7j(A^, A) — ^ 

is exact. 

Lemma 6.1. For every W G W, the character module is W-pure injective. 
Proof. Consider a W-pure exact sequence 

— > N — > M — > M/N — > 0. 

Then 

— >W(g)RN — >W(g)RM — >W(g)B^ M/N — > 

is exact. Since Q/Z is an injective left Z-module, we have the fohowing commutative diagram with 
exact rows: 

> Rom^iW 0i^ M/N, Q/Z) > RomziW (Sr M, Q/Z) > Homz(W^ (g,R N, Q/Z) > 

> RomRiM/N, W+) > Homi^(M, W+) » RomR{N, W+) > 

□ 

Lemma 6.2. Lemma 5.3.12] Let M and N be left R-modules. Then there exists a cardinal 
number dependent on Card(A'^) and Card(i?) such that for any morphism f : N — > M , there 
is a pure submodule S of M such that f{N) C S and Card(S') < Hq. 

Proposition 6.3. Given an infinite cardinal k > Card(i?), a Gorenstein flat module F and an 
element x G F. There exists a W-pure submodule S C F such that a; £ 5 and Card(5') < k. 

Proof. Same proof given in ^ Proposition 7.4.3] □ 

Given F G QJ' and x £ F, there exists a W-pure submodule Si C F such that x E Si and 
Card(5'i) < k. By Proposition 16.21 5*1 and F/Si are Gorenstein flat modules. Let xi + Si E 
F/Si - {0}. Then there exists a W-pure submodule S'2/5'1 C F/Si such that xi + Si E S2/S1 
and Card(S'2/S'i) < k. Repeating this procedure, we can construct a continuos chain {S'q}q<a of 
submodules of F, for some ordinal A, such that Si E QJ--'^, Sa+i/Sa E GJ--'^, and Sp = 1Jq<^ ^a, 
for every limit ordinal /3 < a, where QT-*" \S E QT : Card(S') < k}. In other words, every 
Gorenstein flat left i?-module F has a C/J^-'*-filtration. By Proposition 13. 11 {GJ-,QC) is a cotorsion 
pair cogenerated by QF-'^. 

Proposition 6.4. {QJ-, QC) is a complete cotorsion pair. 

Remark 6.1. It is straightforward to show that Gorenstein flat modules are closed under direct 
limits. Since {QJ^, QC) is a complete cotorsion pair with QT closed under direct limits, it follows 
that {Q!F,QC) is a perfect cotorsion pair, i.e. every left R-module has a Gorenstein flat cover and 
a Gorenstein cotorsion cover (see for details). 



23 



On the other hand, if we consider the class C — J-^ of cotorsion modules, then {J-o^ C) is a complete 
cotorsion pair cogenerated by J^(f with k as above |4i Proposition 7.4.3]. The pairs QC) and 
(J^OiC) are compatible by the following two results. 

Proposition 6.5. J'o = ^J'nW. 

Proof. It is clear that Jq ^ W- By Theorem EUl we have Jq ^ Q^- So <zgTr\ W. Now let 
F G C/J^n W. By [H Corollary 10.3.4], the flat dimension of a Gorenstein flat module is either zero 
or infinite. Hence F is flat and QF r\W C J^q- 

□ 

Proposition 6.6. [5^, Proof of Theorem 3.12] gC = Cr\W. 

By the Hovey's Criterion, there exists a unique abelian model structure on _R— Mod such that QF 
is the class of cofibrant objects, C is the class of fibrant objects, and W is the class of trivial objects. 
This model structure is called the Gorenstein flat model structure on i?— Mod. 

Now we adapt the construction of this structure to the category Ch(i?— Mod). Assume that R is 
a commutative n-Iwanaga- Gorenstein ring. First, recall that a chain complex F is flat if F is exact 
and Zm{F) is a flat module, for every m G Z. In [6], the author proved that F is flat if, and only 
if, — is an exact functor. 

Definition 6.4. A chain complex X G Ch(i?— Mod) is said to be Gorenstein flat if there exists 
a (Xf)®—)-exact sequence 

>Fi — > Fq — > F^ — > F^ — ^ • ■ • 

of flat complexes such that X — Ker(_F*' — > P^)- ^6 shall denote the class of all Gorenstein flat 
complexes by QF . 

Theorem 6.3. [51 Theorem 5.4.3] Let X G Ch(i?— Mod) be a chain complex. The following 
conditions are equivalent: 

(1) X is a Gorenstein flat complex. 

(2) X^ is a Gorenstein injective complex in Ch(Mod— i?). 

(3) Xm is a Gorenstein flat module, for every m G Z. 
U) Tmi{W,X) =Q for allW & W <^ Ch(Mod-i?). 

Definition 6.5. A chain complex Y G Ch(i?— Mod) is Gorenstein cotorsion if 'EyA' [X ,Y) ~ 
for every Gorenstein flat complex X G QF . We shall denote the class of all Gorenstein cotorsion 
complexes by QC. 

Proposition 6.7. QF and QC form a bar-cotorsion pair {QF,QC). 

Proof We only have to show that ^QC C QF. Let X e -^QC. We want to show Toti{W,X) = 0, 
for every W eVV. So let W eW. By Proposition HH we have Tmi{W, X)+ = Tmf{X, W)+ ^ 
Wt'{X,W+). Now let F be a Gorenstein flat complex. Then EE^{F,W+) ^ Tmi{W,F)+ = 0. 
We have W+ e QC and so E^t\x, W+) = 0. It follows Tb?i(T4^, X) = and X eQF. □ 
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By Theorem 16.31 a complex X is Gorenstein flat if and only if Xm is a Gorenstein flat module, for 
every to S Z. Using this equivalence, it follows that QJ- is closed under suspensions. So by the 
previous proposition, Lemma 13.21 and Theorem 13. 1[ {GJ^,GC) is a cotorsion pair. 

Let dwJx) (resp. exJx)) denote the class of (resp. exact) chain complexes X £ Ch(i?— Mod) such 
that Xm G J-Q for every m G Z. In 1, Proposition 4.1] it is proven that for every chain complex 
X G dwJ^o a-iid every x Cz X (i.e. x G Xm for some m G Z), there exists a subcomplex S Q X in 
dwJx) such that x G 5* and XjS G dwJ^)- Recall that the cardinal number of a complex S is 
defined by Card(5) = X^mez Card(5'm). The same argument can be applied to the class QT . 

Proposition 6.8. Let X be a Gorenstein flat complex and let x G X . Then there exists a Goren- 
stein flat subcomplex S Q X with Card(S') < k, such that x ^ S and X/S is also Gorenstein 
flat. 

Using this result, every Gorenstein flat complex has a QJ^^ -filtration, and hence {GJ-, GC) is a 
cotorsion pair cogenerated by ■ In [6} Proposition 4.9], the author proves that {J^q, {J^o)^) 

is a cotorsion pair cogenerated by J^-". Now we show that {GJ-, GC) and {Tq, (J-q)'^) are compatible. 

Proposition 6.9. Iq = G^nW. 

Proof. Let F be a flat complex. Then —(E)F is an exact functor, and so Tori(X, F) ~ for every 
chain complex Y. It follows Tori(W,F) = for every W GW and hence F is Gorenstein flat. On 
the other hand, it is clear that F G W. 

Now let X G GJ^ n W. Then X+ G GT. On the other hand, id{X) = fc < cxo, so there exists an 
exact sequence 

^ Ffc ^ Fk-i >Fi^Fo^X ^0 

where Fi is flat for every < z < fc. Then 

— ¥ X+ = BEE{X, D°{Q/Z)) — > F+ — > F+ — > > F+_i — > F+ — >0 

is exact since £'°(Q/Z) is an injective complex (note that Ext^(y, Z)'^(Q/Z)) = implies that 
Ext (Y, Z?°(Q/Z)) = 0, for every complex Y), and F^ is an injective complex for every < i < A;. 
So id{X+) <k<oo and X+ G VV. We have X+ eGlnW = 1. It follows X is fiat. 

□ 

Proposition 6.10. GC ^ (Jq)^ n W. 
Proof. Similar to the proof of Corollary 15.21 

□ 

From these results, we have that (GJ', (J'o)^ H W) and {GF n W, (J-q)^) are compatible. It follows 
there is a unique abelian model structure on Ch(i?— Mod) such that GJ^ is the class of cofibrant 
objects, {J^o)^ is the class of fibrant objects, and W is the class of trivial objects. We call this 
model structure the Gorenstein flat model structure on Ch(i?— Mod). 

Proposition 6.11. The class GJ' is closed under direct limits. 
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Proof. Let X G Ch(i?— Mod) be a chain complex which is the direct limit of a direct system of 
Gorenstein flat complexes, say {Fi)i^j. Let W G W, we have 

Tori{W, X) — Tori W^liuiFi ] = limTori(VF, i^i) = 0, since Tori(W^, — ) preserves direct limits. 

We prove this last assertion. Let Y be any chain complex which is the direct limit of a direct system 
(Fi)ig/. In [H Proposition 4.2.1 5], it is proven that ^lin^^^^ Yj^ '^W ^ lin^^^^ Yj^W. Since R is 
commutative, we have 

[ lim j = lim W^Y^ (*). 
\iei J iei 

Let 

— > K — > P — > X — >0 

be a short exact sequence where P is a projective complex. Then for every i G I, we have an exact 
sequence 

S, = — > Tb?i(X, Y,) — > K®Y, — > PWYi — > XWYi — > 0. 

Direct limits commute with homology, so the direct limit of a direct system of exact sequences is 
an exact sequence. Note that (8^)^^/ is a direct system of exact sequences, and hence 

— > limTb?i(X, Y,) — )■ \\mK®Yi — > limPW, — > limX^F, — > 
iei iei iei iei 

is an exact sequence. By (*), we have the following commutative diagram with exact rows: 
> lim Tb?i(X, Y,) > lim KWYi > lim P®Yi > lim XWY^ > 

> T^i (x, lii§^^^ Y^ y ^® iH^^gj > ^® iH^^g^ y^ > ^® iH^.e/ * 



By the Five Lemma, lin^.^^ Tori {X, Yj) — > Tori \^^^}^^^J^ij is an isomorphism. Using induc- 
tion, one can show that lin^ ^^^ Torj(X, Yi) = Torj {^X, lirn,^^^ Yij for every j £ Z>o. □ 

We have that {QT, QC) is a complete cotorsion pair where the class QT is closed under direct limits. 
So the pair {GJ^, QC) is perfect. We have the following result. 

Corollary 6.1. Every chain complex X £ Ch(i?— Mod) has a Gorenstein flat cover, provided that 
R is a commutative n-Iwanaga- Gorenstein ring. 

This result also appears in [5j Theorem 5.8.4], where the proof is more constructive from the 
author's point of view. We have given here a proof that uses the theory of cotorsion pairs. 

Now we study the notion of Gorenstein flat dimension. As we did with the class QP, it makes sense 
to consider left r-CJJ^-modules and left r-CJJ^-complexes. We shall say that a module (resp. complex) 
is Gorenstein r-Hat if it is a left r-QJ'-module (resp. r-^/J^-coniplex). Let G^r (resp. GJ'r) denote 
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the class of Gorentein r-flat modules (resp. complexes) and Gfd(X) denote the (left) Gorenstein 
flat dimension of the module (resp. complex) X . Note that QJ-r = {M G i?— Mod : Gfd(M) < r}, 
GTr = e Ch(i?-Mod) : Gfd(X) < r}, GFq = QF and GTq = G^. First, we shah prove 
that the classes G^r and GJ'r cogenerate complete cotorsion pairs in i?— Mod and Ch(i?— Mod), 
respectively. Using this fact we shall construct a model structure on i?— Mod (resp. Ch(i?— Mod)) 
where GJ^r (resp. GJ^r) is the class of cofibrant objects. We assume again that i? is a commutative 
n-Iwanaga- Gorenstein ring. 

Proposition 6.12. Let X be a left R-module or a chain complex of left R-modules. Then id{X) < r 
if, and only if id{X^) < r, for every r > 0. 

Proof. Suppose X is a chain complex (the other case is analogous). 

fd(X) < r Tmr+iiY,X) = for every Y e Ch(i?-Mod) 
E^''^\y,X+) = ^ id(X+) < r. 



Tor,+i(y,X)+ =0 



□ 



Theorem 6.4. |4^, Proposition 11.7.5] The following conditions are equivalent. 

(1) Gfd(M) < r. 

(2) Torf (W", M)=Q for alli>r + l and all W eW. 

(3) Torf , i(W, M) = for all W eW. 



r+l 



1. 



(4) Torj (I,M) = for all injective modules I and all i > r 

(5) Torf+i(/,M) = for all inject ive modules I . 

(6) Every rth Gorenstein flat syzygy in Gorenstein flat. 

(7) Every rth flat syzygy of Gorenstein flat. 

(8) Gid(M+) < r. 

Proposition 6.13. Let M C N be a W-pure submodule of the left R-module N, then Gfd(A/) < 
Gfd{N). 

Proof Suppose Gfd(A^) = fc < oo. We show Torf^_i(VF, M) = for every W eW. LetW €W and 
S e n'=+i(VF). First, note that 5 g W, since W is thick. Consider the following partial projective 
resolution of W: — > S — > P^ — > ■ ■ ■ — > Pi — > Pq — > W — > 0. We have the following 
commutative diagram: 
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> S ^rM > Pk ®if M > 



I 



> S(»rN Pk <»R N 











Po ®R M > W i^R M > 

■ ^0 <»R N > Wi^R N > 



Since S,Pi G W for every < i < k and M is a W-pure submodule of N, wc have that the columns 
are exact. Now consider the short exact sequence 



— > S — > Pk — > S' — ^ 0, 
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where S' € ^''{W). Then we have the exact sequence 

where Torf(S",iV) = Torj^+i(W, AT) =0. So / is monic. It follows that g is also monic, since 
f ° 9 = f ° fi where I and r are monic. Therefore, Tor^_,_i ( W, M) = Torf (S",M) = and so 
Gfd(M) < k. 

□ 

Proposition 6.14. {Q T r , {Q r)^) is a cotorsion pair. 

Proof. We only need to show -^{{GJ^r)^) C QJ^^. Let M e -^{{GJ^r)-^)- We want to show that 
Tor^+i(W, M) = for every WGW.LetWG W, we have: 

Torf+i(VF,M)+ = Ext^+^(Af, VF+) ^ Ext]^{M,K), 

where K e n-''{W+). We show K e {QTr)-^. Let e QJ^r- We have 

Ext]i{N,K) ^ Ext^ji{G,W+), 

where G € Q'^iN). Since AT e e^T'r, we have G is Gorenstein flat, and so Ext^(G,W+) ^ 
Torf (W,G)+ = 0. Hence F.xt]^{N,K) = for every AT e e?^"^, i.e. K e (e?7"r)-^. It follows 
Torf+i(W, M) = for every W eW. □ 

Given two resolutions 

— >F; — > >Fi — >F/^ — >M' — >0 (1) 

— >Fr — > yFi — yFo — >M — yO (2) 

we shall say that (1) is a subresolution of (2) if (1) is a subcomplex of (2). 

Recall that for every Gorenstein flat module F and every x G F, one can construct a W-pure 
submodule S C F with Card(5') < k, such that x G S. One can apply the same reasoning to show 
that every submodule F' C F with Card(F') < k can be embedded into a W-pure submodule 
S C F with Card(5) < k. Prom this fact, one deduces the following result. 

Lemma 6.3. Let M G GJ^r with a Gorenstein flat resolution 

> Fr ^ Fr-1 — > > Fi^ Fo^ M — >0 (1) 

and N be a submodule of M with Ca,rd{N) < k. Then there exists a Gorenstein flat subresolution 

— ^ — ^ >S[^S'q^N' ^0 

of (1) such that is a W-pure submodule of F^ and Card(6'j^) < k, for every < fc < r, and such 
that N C N'. Moreover, if N has a subresolution of (1) 

Q^Sr^ ^Si— ^5o— ^AT— ^0 

where Sk is a W-pure submodule of Fk with Card(<S'/s) < k, for every < k < r, then the above 
resolution of N' can be constructed in such a way that it contains the given resolution of N. 
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This lemma is proven in [12] Lemma 5.1] for the class 7v of r-flat modules. The same argument 
works for QJ-r- Using the lemma above, one can construct t/J^^'"-filtrations for every Gorenstein 
r-flat module, and hence: 

Theorem 6.5. (QTr, (GJ'r)^) is a complete cotorsion pair. 

In [13] it is proven the completeness of {J^r, (J-r)^)- The pairs (J>, {J-,-)^) and {GJ-r, {GJ-r)^) are 
also compatible. 

Proposition 6.15. GJ^r n W. 

Proof. Same proof as in Corollary 15. II 

□ 

Proposition 6.16. {GJ^r)^ = (J",-)^ nW. 

Proof. Same proof as in Corollarv l5.2l □ 

From these propositions, we have that {GJ'r, {GJ'r)^) and (J>, (7v)^) arc complete and compatible 
cotorsion pairs. Therefore there exists a unique abelian model structure on i?— Mod such that GJ^r 
is the class of cofibrant objects, (J^r)'^ is the class of fibrant objects, and W is the class of trivial 
objects. We shall call this model structure the Gorenstein r-flat model structure on i?— Mod. 

Now we want to apply the same study to the category of complexes Ch(i?— Mod). Suppose for 
the rest of this section that i? is a commutative n-Gorenstein ring. The following result is easy to 
show. 

Proposition 6.17. The following conditions are equivalent for any chain complex X G Ch(i?— Mod); 

(1) X is a Gorenstein r-flat complex. 

(2) Tmi{W, X) = for all i > r + Ijind all W eW. 

(3) Tmr+i{W,X) = for all W eW. 

(4) Every Gorenstein rth flat syzygy is Gorenstein flat. 

(5) Every rth fiat syzygy is Gorenstein fiat. 

(6) Xfn is a Gorenstein r-flat module for every m G Z. 

(7) X^ is a Gorenstein r-injective complex. 

The class GJ'r- of Gorenstein r-flat complexes cogenerates a complete cotorsion pair {GJ'r, (GJ'r)'^)- 
Proposition 6.18. {GJ'r, {GJ'r)'^) is a bar-cotorsion pair. 

Proof. We only have to show that '^{{GJ'r)'^) Q GJ'r- Let X £ '^{{GJ'r)^)- We want to show 
that Tmr+i{W,X) = for every W & W. By Proposition EH we have Tmr+i{W,X)+ = 
Tb?^+i(X,M/)+ = 'E^'^^{X,W+) ^ 'EE^{X,K), where K e n~'^{W'^). Let Z e GTr- Then 
Yf^i{Z,K) = E^t''^^(Z,VF+) ^ Tb?^+i(Ty,Z)+ = 0. So iiT G (0JV)~ and Tot^+i(M^,X)+ 
E^t\x, K) = 0. Finally, Tot^+i(M/^, X) = for every e W, i.e. X e G^r- □ 
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Since the class QJ-r is closed under suspensions, we have that {QJ^r, {GJ'r)^) is a cotorsion pair and 
{QTr)'^ = {GTr)'^- So {GJ-r, (GJ^r)^) is & cotorsiou pair. By Lemma [Ol along with the argument 
used in [121 Theorem 5.1], we have that {GJ-r, (GJ-r)'^) is a cotorsion pair cogenerated by G^r~ , 
so it is complete. Moreover, it is easy to show that J> = GJ^r^^V and {GJ^r)^ = (J>)^ nW. So we 
obtain a unique abelian model structure on Ch(i?— Mod) such that GJ^r is the class of cofibrant 
objects, (^r)^ is the class of fibrant objects, and W is the class of trivial objects. We call this 
model structure the Gorenstein r-flat model structure on Ch(i?— Mod). 



7 Gorenstein homological dimensions over graded rings 

In this section, we shall consider an associative ring R with unit and the graded ring A :~ R[x]/{x'^). 
We first show that A—WLod and Ch(i?— Mod) are isomorphic categories, in order to prove later 
that Gorenstein r-projective ^-modules and dg-r-projective chain complexes over R are in one-to- 
one correspondence, provided R satisfies certain conditions. We also prove the same for Gorenstein 
r-injective and Gorenstein r-flat ^-modules. 

Recall that a Z-graded ring A is a ring that has a direct sum decomposition into (abelian) 
additive gropus A = ~ ■ ■ ■ A_i ® ©^i © • ■ • such that the ring multiplication • satisfies 

Am ■ An C A,n+n, for cvcry m,n ^ Z. A graded module is left module over a Z-graded ring A 
with a direct sum decomposition M = ^^ei, -^^^ such that the product ■ : A ■ M — > M satisfies 
Am ■ Mn C Mm+n, foT cvcry m,n eZ. 

Given any associative ring with unit R, consider the ring of polynomials R[x] and the ideal (x^). It 
is easy to see that the quotient A := R[x]/{x'^) is a Z-graded ring with a direct sum decomposition 
given by i?[x]/(x^) = •••©0©(a;)©i?©0©---, where the scalars r G R are the elements of degree 
0, and the elements in the ideal (x) form the terms of degree —1. We prove that every A- module 
can be viewed as a chain complex over R, and vice versa. 

Let $ : A— Mod — > Ch(i?— Mod) be the application defined as follows: 

(1) Given a graded A-module M = 0„gx Af„, note that if y G Mn then x-y G M„_i, since a; has 
degree —1. Denote by $(M)„ the set M„ endowed with the structure of i?- module provided 
by the graded multiplication. Let dn ■ $(M)„ — > $(M)„_i be the map y ^ x - y. It is clear 
that dn is an i?-homomorphism. Moreover, 9„_i o 9„(y) — x • (x • y) = x^ ■ y — ■ y — 0. 
Then, $(Af) = ($(M)„, 9„)„gz is a chain complex over R. 

(2) Let / : M — > N he a. homomorphism of graded A-modules. Then /(Af„) C iV„, for every n e 
Z. It follows that /|m„ is an i?-homomorphism. Let $(/)„ := /|m„ : ^{M)n — > $(iV)n- We 
have $(/)„-! o 9*^ (y)"= /lM„_i(x-y) - x-/|M„(y) - a^o$(/)„(y). So $(/) = ($(/)„)„ez 
is a chain map. 

Note that $ : A— Mod — > Ch(i?— Mod) defines a covariant functor. We show that this functor 
is an isomorphism, by giving an inverse functor : Ch(i?— Mod) — > ^4— Mod. 

(1) Let M ~ (M„,9ra)ngz be a chain complex over R. Let y e Af„ and define the product 
r ■ y — ry G Mn for every r G R, and x ■ y = dn(y) S Mn^i- This gives rise to a graded 
A-module, that we denote by *(M) = (vI/(A/)„)„gz, where *(A/)„ = Af„ as sets. 
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(2) Given a chain map / : M — > N, we have x ■ f{y) = d o f[y) = / o d{y) = f{x ■ y). Then / 
gives rise to a graded A- module homomorphism denoted by $(/). 

Note that * : Ch(i?-Mod) — y A-Mod is a functor. It is easy to show that * o $ = Ma-mocI 
and $ o "Jf = Idch(fl-Mod)- It follows that # and ^ map projective and injective objects into 
projective and injective objects, respectively. It is also easy to check that both ^' and <I> preserves 
exact sequences. Now we equip ^— Mod with the tensor product ®a and Ch(i?— Mod) with the 
bar tensor product 0. 

Lemma 7.1. 

(1) Given two chain complexes Y,Z in Ch(i?-Mod), then = ®a *(-^)- 

(2) Given two graded A-modules M and N, then $(M 0a N) = $(M)0$(iV). 

Proof. To prove (1), we shall see that \E'(F0Z) is the tensor product of '^(Y) and '^{Z). Consider 
the projection it -.YxZ — > Y^Z. Then we have a map p := *(7r) : x Z) — > -^{Y^Z). Note 
that *(y X Z) = l'(y) X Consider the A-homomorphism g : x — > *(y)(g)A*(^) 

given by g{y,z) = y ® z. Since <^{^{Y) x '^{Z)) = Y x Z, by the universal property of tensor 
products, there exists a unique chain map h : Y^Z — > $(^'(y) 0^ ^{Z)) such that the following 
diagram commutes: 

Y xZ > Y®Z 

h 

$(*(y) 0A*(^)) 

So the following diagram in ^4— Mod also commutes: 

X — - — > ^{Y®z) 




0A 



It is not hard to show that \E'(/i) is the only A- homomorphism that makes the above diagram 
commute. Hence, '^{Y®Z) is the tensor product of '^{Y) and '^{Z). 

Now consider two A-modules M and A'^. We have that 

*($(M)0$(Ar)) ^ *($(M)) 0A ^{^{N)) ^M®aN. 

Hence 

$(M)0$(iV) ^ $(*($(M)0$(Af))) ^ $(M 0A A^). 



Lemma 7.2. We have the following isomorphisms for every i > 1, M, N G A 
Ch(i?-Mod).- 

(1) ExtA(M,iV) = ExtX$(M),$(A^)). 

(2) Torf(M,Ar) ^Tori($(M),$(Ar)). 




□ 

-Mod, and Y,Z e 
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(3) Ext*(y,Z) -Ext^(vI/(y),vI'(Z)). 
U) Tor,(y, Z) - Tor,^(*(r), ^{Z)). 

Proof. To show (1), given a class [0 — > N — y Q — > M — > 0] G Ext^(M, A^), map its represen- 
tative to the sequence 

— > $(iV) — > — y $(M) — y 0. 

This sequence is exact since $ is an exact functor. Also, $ preserves pullbacks, and hence it 
preserves Baer sums. It follows 

[0 — > $(Ar) — y $(Q) — y $(M) — y 0] € Ext^($(M), $(Af)). 

It is clear that this mapping defines a group isomorphism from Ext^(M, A'') to Ext^($(M), ^{N)). 
The same argument works for any i > 1. Part (3) follows similarly. 

Now we show (2). Consider an exact sequence 

— yK — yP — yN — yO, 

where P is a projective A-module. It follows we have an exact sequence of groups 

— y Torf (M, N) — yM(E>AK — y M(E)aP — yM^AN — ^ 0. 

On the other hand, we have an exact sequence 

— y Tbri($(M), $(A/')) — y $(M)®$(ii') — y $(M)0$(P) — y $(M)0$(Ar) — y 0. 

Notice that we have used the fact that $(P) is a projective chain complex. We have the following 
commutative diagram 

> ToifiM, N) > M®aK > M®aP ' M®aN > 

r\j 

> Tbri($(M),$(A^)) > $(M)®$(ii:) > $(M)®$(P) > $(M)®$(iV) > 

So by the Five Lemma, we get that Torf (M, iV) — y Ibri(<I>(M), <I>(iV)) is an isomorphism. The 
rest follows by induction. The proof of (4) is similar. 

□ 

Corollary 7.1. There is a one-to-one correspondence between the flat objects of A— Mod and the 

flat objects o/ Ch(_R— Mod), given by the functor $. 

Proof. Let F be a flat left A-module. Let Y be any chain complex over R. Then there exists a 
unique right A- module M such that Y = $(M). We have 

Tbri(y,$(F)) = Tb?i($(M),$(F)) ^Tor^'(M,F) =0. 

Hence, $(-F) is a flat chain complex over R. The mapping F i-> $(F) gives the desired correspon- 
dence. 

□ 
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Definition 7.1. Given a cotorsion pair {A,B) in _R— Mod, a chain complex is a dg- A- complex, 
denoted X S dg^, if Xm G A for every to S Z and if every chain map X — > B with B Q B is null 
homotopic. Similarly, X is a dg-B-complex, denoted X G AgB, if Xm G B for every to g Z and if 
every chain A — > X with A ^ A is null homotopic. 

For the classes of projective, injective, and flat modules Vq, Iq and Tq, dgPo, dglg and dgJ^o are 
called the classes of dg-projective, dg-injective and dg-flat complexes, respectively. It is known that 
dgVo = ^£ and dglo = f ^ ^ Propositions 2.3.4 and 2.3.5]. Moreover, (dg'Po,^) and (f, dglo) are 
cotorsion pairs. 

Theorem 7.1. ^ Propositions 3.6, 3.8 and 3.10] The functor * : Ch(i?-Mod) — > A-Mod 

maps: 

(1) dg-projective complexes into Gorenstein projective A-modules, 

(2) dg-injective complexes into Gorenstein injective A-modules, and 

(3) dg-flat complexes into Gorenstein flat A-modules. 

If R is a left and right Noetherian ring of finite global dimension, then the inverse functor $ : 
^-Mod — > Ch(i?-Mod) maps: 

(V) Gorenstein projective A-modules into dg-projective complexes, 
(2') Gorenstein injective A-modules into dg-injective complexes, and 
(3') Gorenstein flat A-modules into dg-flat complexes. 

Corollary 7.2. Let R he an n-Iwanaga Gorenstein ring. Then there is a one-to-one correspondence 
between the exact chain complexes over R and the A-modules in W. 

Proof. Let E be an exact complex over R. Then F,xt^{X,E) = for every dg-projective complex 
X. Consider '^{E) and let P be a Gorenstein projective ^-module. By the previous theorem, there 
exists a unique dg-projective chain complex X such that P = 'i^iX). We have 

Ext^(P, Ext\{^'{X),^{E)) ^ Ext\X,E) = 0. 

It follows 'i'{E) G W, since {GP, W) is a cotorsion pair. The mapping E ^'(i?) gives the desired 
correspondence. □ 

In ini Proposition 3.6], J Gillespie proves that if {A,B) is a complete cotorsion pair in _R— Mod, 
then {A, dgB) and (dg^, B) are cotorsion pairs in Ch(i?— Mod). Moreover, if {A, B) is also hered- 
itary, then A = dgA fl £ and B — dgB O £.Jt follows that the class dgPr of dg-r-projective chain 
complexes cogenerates a cotorsion pair (dgT^r, {Pr)^ H £). We have similar results for the classes 
of dg-r-injective chain complexes and dg-r-flat complexes. 

Theorem 7.2. The functor : Ch(i?-Mod) — > A-Mod maps: 

(1) dg-r-projective complexes into Gorenstein r-projective A-modules, 

(2) dg-r-injective complexes into Gorenstein r-injective A-modules, and 

(3) dg-r-flat complexes into Gorenstein r-flat A-modules. 

If R is a left and right Noetherian ring of finite global dimension, then the inverse functor $ : 
A-Mod — > Ch(i?-Mod) maps: 
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(1') Gorenstein r-projective A-modules into dg-r -projective complexes, 
(2') Gorenstein r-injective A-modules into dg-r-injective complexes, and 
(3') Gorenstein r-flat A-modules into dg-r-flat complexes. 

Proof. We only prove (1) and (1'), since the other assertions can be shown in a similar way. Let 
X G dgVr- Consider ^{X) and a partial left projective resolution 

— ^ G — ^ Pr-l — ^ ^ Pi — ^ Po — ^ ^(X) — ^ 0. 

We show that G is a Gorenstein projective >l-module. Consider the complex <i?(G) and let E be an 
exact complex.JWe have Ext^($(G), E) ^ Ext^(X, E'), where E' e n-''{E). Note that E' e (Pr)-^. 
If fact, ii Z €Vr then Ext^(Z, £") = Ext^'+^Z, E) = 0. Also, it is easy to check that E' G £. So 
E' G {Vr)-^n£ = (dgPr)^. It follows Ext^($(G),£;) ^ Ext\X,E') = 0, for every EeS.In other 
words, ^>(G) is dg-projective, and by the previous theorem we have G = \1/(<I>(G)) is a Gorenstein 
projective ^-module. 

Now suppose that P is a left and right Noetherian ring of finite global dimension. Note that ^ and $ 
define an one-to-one correspondence between the projective objects of Ch(P— Mod) and A— Mod. 
It follows that 4" and $ also define an one-tO;^ne correspondence between r-projective complexes 
over R and r-projective A-modules. Let X e (Vr)^ and consider ^{X). Let M be an r-projective A- 
modulc. Then $(M) is an r-projective complex. We have Ext^(M, = Ext^($(M),X) = 0. 

It follows 'i'{X) S (Vr)^- Hence, and <!> give rise to a one-to-one correspondence between (Pr)^ 
and (Pr)"""- Also, by the previous corollary, we have the same correspondence between £ and W. 
Since (dgP^)-^ = (Pr)-^ n £ and (Vr)-^ nW = {GVr)\ we have that a complex Y is in (dgP^)-^ if 
and only if ^{Y) is in {GVr)^. Since dgP^ = ^((dgP^)^) and gVr = ^{{QVr)^), we have that $ 
maps Gorenstein r-projective A-modules into dg-r-projective complexes. □ 
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